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Structured optical fields have led to several ground-breaking techniques in classical imaging and
microscopy. At the same time, in the quantum domain, position-momentum entangled photon fields have
been shown to have several unique features that can lead to beyond-classical imaging and microscopy
capabilities. Therefore, it is natural to expect that position-momentum entangled two-photon fields that are
structured can push the boundaries of quantum imaging and microscopy even further beyond. Nonethe-
less, the existing experimental schemes are able to produce either structured two-photon fields without
position-momentum entanglement, or position-momentum entangled two-photon fields without structured
correlations. In this article, by manipulating the phase-matching condition of the spontaneous parametric
down-conversion process, we report experimental generation of two-photon fields with various structures
in their spatial correlations. We experimentally measure the minimum bound on the entanglement of for-
mation and thereby verify the position-momentum entanglement of the structured two-photon field. We
expect this work to have important implications for quantum technologies related to imaging and sensing.
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I. INTRODUCTION

Structured light refers to shaping of light fields
by manipulating its amplitude, phase, polarisation, and
correlation function. Structured light fields have sev-
eral applications including the ground-breaking imaging
and microscopy techniques such as stimulated emission
depletion (STED) microscopy [1] and super-resolution
microscopy (SIM) [2], super-resolution imaging with
structured point spread function [3], detection of transverse
motion of particles [4], overcoming the classical Rayleigh
diffraction limit by controlling two-point correlations of
partially coherent light sources [5], self-healing of optical
fields [6], and optical communication [7,8]. For a broader
overview of structured light fields, see Refs. [6,9—11].

On the other hand, in the last three decades, quantum
entanglement has emerged as a resource for performing
tasks that would otherwise be impossible. Several quan-
tum communication [12—14] and quantum cryptography
[15—17] applications based on entanglement have been
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proposed and demonstrated. The other major application of
quantum entanglement has been in quantum imaging and
microscopy. These include ghost imaging [18-20], sub-
shot-noise imaging [21,22], resolution-enhanced imaging
[23-25], quantum microscopy of cell at the Heisenberg
limit [26], quantum imaging with undetected photons [27],
quantum image distillation [28,29], adaptive optical imag-
ing with entangled photons [30], quantum holography [31],
and information encoding using entangled twin beams
[32]. For a more comprehensive review of such applica-
tions, see Refs. [33—36]. Most of these quantum imag-
ing schemes use the entangled two-photon field produced
by spontaneous parametric down-conversion (SPDC) in a
nonlinear crystal. [37,38]. Entanglement in a given degree
of freedom implies simultaneous strong correlations in
two conjugate bases. Although the SPDC photons can
become entangled in various degrees of freedom including
polarisation [39], angle-orbital angular momentum (OAM)
[40], time-frequency [41], and position-momentum [42,
43], the quantum imaging and microscopy applica-
tions have mostly been based on position-momentum
entanglement.

The position-momentum entanglement implies strong
correlation in both the position and momentum of the
two photons. One way to estimate the correlation in a
given variable is conditional uncertainty, which refers to
the uncertainty of individual photons given that the other
photon has been detected [44]. An experimental viola-
tion of Heisenberg uncertainty relation by the conditional
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position and momentum uncertainties is routinely used
as a technique for verifying position-momentum entan-
glement [44—47]. In the existing quantum imaging tech-
niques [18-32], the structured position-momentum entan-
gled fields have not been employed. However, given the
ground-breaking capabilities provided by structured light
fields for classical imaging, it is natural to expect that the
position-momentum entangled two-photon fields that are
structured can push the boundaries of quantum imaging
and microscopy even further beyond.

The current methods of generating two-photon fields
correlated in position and momentum variables can be
divided into two categories. The first category consists
of methods that generate two-photon position-momentum
entanglement field but with no structure [44—47]. The
second category consists of methods that generate two-
photon fields with structured correlations without position-
momentum entanglement [48—52]. One way to structure
the correlation is by shaping the pump field producing
SPDC, and this way of structuring the correlation has quite
often been employed in far-field regimes [48]. However, in
the far field, the photons produced by SPDC do not remain
position-momentum entangled, as witnessed by Einstein-
Podolsky-Rosen correlations or entanglement of formation
[45—47]. On the other hand, the phase matching plays the
dominant role in shaping the correlation function in the
near field where the SPDC photons do remain entangled in
the position-momentum degree of freedom. Therefore, in
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Here Ppos(p, p;;2) is the probability of detecting in
coincidence the signal and idler photons at p, and p;,
respectively. The two-photon conditional probability dis-
tribution function Ppos(p,lp0;2) of detecting the signal
photon, given that the idler photon is detected at p,, is
obtained by setting p; = p,, in Eq. (2), that is,

Ppos(ps|pi0;z) = Ppos(pss p; = pio;z)~ (3)

For plotting purposes, we work with averaged two-
photon probability distribution function P{Y (x,, x;;z) and
the two-photon conditional probability distribution func-
tion Ppos (X5, 50, 0; 2), defined as

PR (xg,xi32) = / / Pros(X, Vs, Xis yi3 2) dys dyi, — (4)

Ppos(XSoys|Oa O;Z) = Ppos(xs»ymxi = ani = O;Z)- (5)

this article, by manipulating the phase-matching function,
we report experimental generation of structured position-
momentum entangled fields in the near-field of the SPDC
crystal.

II. THEORY
A. Two-photon probability distribution functions

SPDC is a nonlinear optical process, in which a pump
photon of higher frequency gets down-converted into
two lower-frequency photons called the signal and idler.
Denoting pump, signal, and idler by subscripts p, s, and i,
respectively, we write the two-photon state |W) produced
by the SPDC crystal placed at z = 0 as [37]

) ://dzqsdzq,-V(qs+q[)¢(¢1s’qf) a5} |a:)- (1)

Here ¢, and ¢, are the transverse momenta of signal and
idler photons, V(qs + q,.) is the pump field amplitude, and
® (g,, ;) is the phase-matching function. We take pump to

be a Gaussian beam, that is, V(g,) = Vo exp(— |, |2 wi/4)
where wy is the beam waist and ¢, = ¢, + ¢;. Using the
two-photon state in Eq. (1) and the derivation given in
Ref. [37], we obtain the following expression for the two-
photon probability distribution function Ppes(py, ;52) in
the transverse position space at a distance z away from the
crystal:

2
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Next, using Eq. (1), we obtain the two-photon proba-
bility distribution function in the transverse momentum
basis t0 be Prom (4, 4::2) = |(¢, (4| W) > = |V (¢, + 4;) @
(4,-4;) 1>. Therefore, two-photon conditional probabil-
ity distribution function Prom(q,,¢,0;2) of detecting the
signal photon, given that the idler photon is detected
with momentum ¢;, can be written as Prom(q,|q;0;2) =
Prom(q,.q; = q;0;2z). We note that the correlation in
the momentum basis remains independent of z, which
is a consequence of the fact that the momentum
remains conserved in the SPDC. Finally, we write
the averaged two-photon joint probability distribution
function as

P (Guss @i 2) = / / Pinom (Gxs> @ys» Gui> @i Z) dqys dgyi.
(6)
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B. Structuring correlations by manipulating the given by
phase-matching function 5 o
It is known that the SPDC photons lose their entangle- ) = (15 — M) SING, COS G 7
ment in the position-momentum degree of freedom in the ”1%0 sin? O, + nlz,e cos? 0,
far-field regions of the nonlinear crystal [46,47]. There- noon
) . pollpe
fore, we work in the near-field regions and structure the By = ) )
. . ) : ) n?, sin” 6, + n2, cos? 6
correlation function by manipulating the phase-matching po P Tpe »
function, which is given by ® (qs, ql-) = fOL exp(iAk.z) dz Yy = Mpo ,
[37]. Here, L is the thickness of the crystal and Ak, \/”;zm sin’ 6, + n2, cos? 6,
is called the phase-mismatch parameter and is given by
Ak, = kg + kiz — k., where k., k. and k,, represent the np = Npolipe .
longitudinal wave vectors for signal, idler and pump fields, \/ n2, sin® 6, + n2, cos 6,

respectively, and are expressed as [37]

Here, 6, is called the phase-matching angle, which is
the angle between the pump propagation direction and
[ﬂjqﬁx + ypzq[z,y] the optic axis of the nonlinear crystal. We investigate

kp: = —0tpqpx +1p Ko — two different methods of manipulating the phase-matching

20pKpo function and thus of structuring the correlations. The first
1 2 2 method is by changing the phase-matching angle 6, [see
hoz = nsoKio = 2n4,Ky0 (@5 + i) Fig. 1(a)]. In this case, ® (qs, qi) can be written as
1
kiz = nioKio — ——— (a3, + 43,), ) L L
" 2n;,Kio (@i +qy) @ (g, ¢;) = sinc (Akz§> exp (iAkz§> ) (7)
where Ko = 27 /A; with A; being the wavelength and 7, The second method is by having SPDC with two non-
and n;, being the refractive index for ordinary and extraor-  linear crystals separated by distance d [see Fig. 1(b)]. In

dinary polarizations. The quantities «,, B,, ¥, and n, are this case, the generated two-photon state is a superposition

(b) =
p
P(ps|pz)
BBO

P (PP @

FIG. 1. Two methods for manipulation the phase-matching function: (a) by changing the phase-matching angle 6, of a single crystal;
(b) by generating SPDC from a pair of BBO crystals separated by a distance d. OA, optic axis; p, pump beam.
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FIG. 2. Plot of the numerically simulated E;mm) as a function
of z at 6, = 32.9°. "

of the two-photon states produced by the two crystals. The
® (g,,4;) in this case can be shown to be

L L+d
® (g,. 4;) = sinc (Akzz) cos <Akz%> . ®)

C. Position-momentum entanglement

The position-momentum entanglement of the SPDC
photons can be certified either through the violation of
the conditional Heisenberg uncertainty relation [46,47]
or by demonstrating a positive value for the minimum
of entanglement of formation E}mm) [53,54]. For violat-
ing the conditional Heisenberg uncertainty relation, one
needs to calculate the conditional uncertainties, which can
be defined when the two-photon probability distribution
functions are singly peaked and have well-defined widths.
However, in our present work, the concerned functions
have multiple peaks, which makes it difficult to define the
width. Therefore, for certifying entanglement in our work,

Double
BBO
Crystals

. BBO )

UV Pump

we use the minimum of entanglement of formation E;-m n)
[53,54], which is given by [45] '

Ef(min) — 210g2(M) — HX X)) —HK K. (9)

Here M is the dimensionality of the Hilbert space,
and (X) and (K) are the discrete position and transverse-
momentum basis vectors corresponding to the continuous
basis vectors p and g, respectively [55]. Here H (X |X;)
is the conditional von Neumann entropies in the position
basis and can be expressed as

H X X)) =H X, X)) —H(X),
where

HXuX) ==Y Y Ppos (X0, X52)

Xs Xs
X Iny Ppos (X, X5 2)

HX)=-Y (Z Pros <XS,Xi;z))

X; \ Xg
x Iny (Z Pros (Xs,Xi;z)) :
X

Here, Pyos (X, X; 2) is the discrete probability distribu-
tion function corresponding to the continuous two-photon
probability distribution function Ppes(py, 0;52). We note
that, in an experimental situation, Ppos (X, X;2) is mea-
sured using a multipixel camera. The camera pixels pro-
vide the discrete space, and the value of Ppos(0,, 0;52) ata
pair of pixels located at X ; and X ;, averaged over the pixel
area, is taken as Ppos (X, X;;2). In a similar manner, we
can write the conditional von Neumann entropy H (K| K;)
in the momentum basis and express that in terms of the
discrete probability distribution function Pyem (K5, K3 2).

Position Space  f

Momentum Space f

FIG. 3.

Schematic of the experimental setup. UV pump, ultraviolet laser; DM, dichroic mirror to block UV pump of 355 nm; IF,

interference filter of 710 nm with 10 nm bandwidth; EMCCD, electron multiplying charge-coupled device camera.
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A positive value of £™" implies entanglement, and we

use it as the criterion for verifying entanglement [53,54].

1. RESULTS
A. Experimental Entanglement verification

. (min) cps
In our experiments, we measure £, for verifying
entanglement. First of all, in order to find the z and
6, ranges over which entanglement remains present, we

numerically evaluate E}mi“) using Eq. (9) as a function of
E(min)

z and 6. Figure 2 shows a plot of £, as a function of z

for 6, = 32.9°. We find that E}mm) remains positive up to
z = 20 mm, which implies the presence of entanglement
up to z =20 mm. We also simulate ™™ at z =5 mm
for a range of 6, values between 32.9° and 33.0°, and

we find that within this range E(mm) remains positive.

Therefore, we perform our experlments at z = 5 mm and
with 6, values ranging between 32.9° and 33.0° to ensure
that the generated two-photon field remains entangled in
position-momentum degree of freedom.

B. Observation of structured correlation

Figure 3 shows the experimental setup. A continuous
wave UV laser of wavelength 355 nm, power 5 mW,
and beam waist 507 wm is used for producing Type-
I SPDC photons using B-barium borate (BBO) crystals.
The down-converted photons are detected using an Andor
iXon Ultra-897 EMCCD camera. A 10 nm band pass fil-
ter centered at 710 nm is used before the camera. The
camera operates at an EM gain of 1000, a temperature of
—60°C, and a frame rate of 170 Hz. It is used for detecting
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FIG. 4. (a),(b) Numerically evaluated and experimental measured plots of P[(,?)? (xy,x;;2) at various 6, and at z = 5 mm. (c),(d)

Numerically evaluated and experimental measured plots of Ppos(xs, 5|0, 0; z) at various 6, and at z = 5 mm.
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the SPDC photons in coincidence by following the pro-
cedure detailed in Refs. [S6-59]. For measuring position
correlations at different z-planes and 6, values, we use a 4f
imaging system with a lens of focal length 10 cm and with
the EMCCD camera placed at the image plane, as shown
in Fig. 3(a). For measuring the transverse momentum cor-
relations, we use a 2f imaging system in a manner that the
camera gets positioned at the Fourier plane of the desired
z-plane, as shown in Fig. 3(b).

We employ two different methods for structuring the
correlation function. In the first method, SPDC is gen-
erated using a single BBO crystal of length L =5 mm
and the structuring is achieved by changing 6,. The
phase-matching function in this case is given by Eq.
(7), and Fig. 4 presents the numerically simulated and
experimentally measured probabilities P (x;,x;;z) and
Ppos(xs,510,0;z). We find that at the colhnear phase-
matching condition, that is, at 6, =32.9°, we get the
familiar result of P(av) (x5, %55 2) showmg antidiagonal cor-
relations with Ppos(xs, 5]0,0;z) being in the form of a
two-dimensional function centered at the origin [46,47].
However, as 6, increases and the phase matching becomes
more non-collinear, the diagonal form of the P("‘V) (x5, %i52)
bifurcates, and as a result, Ppos(xs,5l0,0; z) takes the
shape of an annulus. We note that within the range of
020 mm over which E;mm) remains positive, as illus-

trated in Fig. 2(a), the dependence of P& (x,x;;2) on 6,
at different z qualitatively remain the same, except for the
overall widening of the function. We further note that the
structuring is seen only in the two-photon probability dis-
tribution functions but not in the one-photon probability
distribution function, as presented as the insets in Fig. 4(b).
Next, we measure the transverse momentum correlations

and present the numerically simulated and experimentally

6,=32.96° 6,=32.98°

400 —400

400 -400 400
qzs Qs (um“)

(a),(b) Numerically evaluated and experimental measured plots of P (Gxs» gxi; z) at various 6, and at z = 5 mm.

mom

measured ng%l(qxs, qxi;z) at different 6, values in Fig. 5.

Using the results reported in Figs. 4 and 5, we calculate

E(mm) and present it in Table I. The positive values of

E; (mm) observed in our experiment confirms the presence

of position-momentum entanglement in the generated two-
photon state, and overall, we find very good match between
simulations and experiments.

In the second method of structuring the correlation func-
tions, we generate SPDC with a pair of BBO crystals of
thickness L = 1 mm each, separated by d = 2, 4, and 6
mm. The phase-matching angle is kept at 6, = 32.93° for
both the BBO crystals with z = 7.5 mm, measured from
the middle of the two crystals. The corresponding phase-
matching function is given by Eq. (8). Figure 6 presents the
numerically simulated and experimentally measured prob-
abilities P (xs, Xi32) and Ppos (X, 5[0, 05 2). We find that
this method generates more complex structures compared
with the first method. The reason for this is that the two-
photon field produced from the first crystal interferes with
that from the second crystal and produces interference. The
distance d between the two crystals determines the richness
of the crystal. We note that just like in the first method, all
the structuring is seen only in the two-photon probability

TABLE I. Theoretical and experimentally obtained values for
Ey for the single-crystal configuration (z = 5 mm).

0, Ey (theory) Ef (experiment)
32.90° 1.89 1.03
32.92° 2.67 1.11
32.94° 2.06 1.02
32.96° 1.79 1.00
32.98° 1.49 1.01
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(a),(b) Numerically evaluated and experimental measured plots of P@ (x,,x;;z) at various d with 6, = 92.9° and z =

pos

7.5 mm from the center of the two crystals. (c),(d) Numerically evaluated and experimental measured plots of Ppos(x, 510, 0;2) at
various d with 6, = 92.9° and z = 7.5 mm from the center of the two crystals.

functions but not in the one-photon detection probability,
presented as the insets in Fig. 6(b). This is because of
the fact that although the two-photon field generated from
the two crystals are mutually temporally coherent with the
two-photon coherence length in the range of a few mil-
limeters, the single-photon fields from the two crystals are
mutually temporally incoherent with the temporal coher-
ence lengths of the field being of the order of only 100
pm [60,61]. The numerically calculated and experimen-
tally measured values of E;mm) are presented in Table II.

We note that, although the positive values of E}mm) con-
firms the presence of position-momentum entanglement,
the match between the theory and experiment is not as
good as in Fig. 6, especially at d = 6 mm. This is pri-
marily because of the richness in the structure, which due
to its inherent noise, the EMCCD-based coincidence mea-
surement is not able to resolve. A multipixel single-photon
camera with lower inherent noise should be able to mea-
sure these structures with better resolution. Furthermore,
we note that, in our experiments the pump power used

064034-7
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TABLE II. Theoretical and experimentally obtained values for
E; for the double-crystal configuration (z = 7.5 mm and 6, =
32.93°).

d (mm) Er (theory) Er (experiment)
2 2.18 1.14
4 1.97 1.03
6 1.77 1.00

is only about 5 mW. At this field strength, the possibil-
ity of generating higher-photon states is negligible [62],
and therefore what we observe are primarily two-photon
effects.

IV. CONCLUSION

In this article, we have reported experimental genera-
tion of two-photon fields with various structures in their
spatial correlations. We have demonstrated that such fields
can be produced in the near-field region of the SPDC crys-
tal by manipulating the phase-matching condition through
either changing the phase-matching angle or having mul-
tiple SPDC crystals. We have confirmed the entanglement
of our structured fields through entanglement of formation.
This work can have important implications for quantum
imaging and microscopy.
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